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We recall that the (covering) dimension $\dim X$ of acompactum $X$ is the smallest
natural number $n$ such that there exists an $(n+1)$-fold covering by arbitrarily fine open
sets. The cohomological dimension $\mathrm{C}-\dim c^{X}$ of acompactum $X$ with coefficients in an
abelian group $G$ is the largest integer $n$ such that there exists aclosed subset $A$ of $X$
with $H^{n}(X, A;G)\neq 0$ , where $H^{n}($ ; $G)$ means the Cech cohomology with coefficients
in $G$ . Clearly, $\dim X\leq n$ implies that $\mathrm{c}-\dim_{G}X\leq n$ for all $G$ .
Throughout this paper, $\mathbb{Z}$ is the additive group of all integers. $\mathbb{Z}(P)$ is the ring of
integers localized at asubset $P$ of $P=$ {all prime numbers}. We denote by $\mathbb{Z}/p$ the
cyclic group of order $p$ .
$\dim X\cross \mathrm{Y}\leq\dim X+\dim \mathrm{Y}$
Example(Pontryagin [P]). There exist 2-dimensinal compacta $X$ and $\mathrm{Y}$ such that
$\dim X\cross \mathrm{Y}=3$ .
Example(Boltyanskii [Bol]). There exists a2-dimensinal compactum $X$ such that






Theorem ( $[\mathrm{B}\mathrm{o}_{1}$ , B02]). Let $X$ be an $n$ -dimensional compactum. Then the square of
$X$ has dimension $2n$, or $2n-1$ .
Remark. There is an $n$-dimensional metrizable separable space $X$ such that $\dim X^{\aleph_{0}}=$
$n$ .
1[Kiinneth formula for $6\mathrm{e}\mathrm{c}\mathrm{h}$ cohomology]. Let $(X, A)$ and $(\mathrm{Y}, B)$ be pairs of
compacta. Then the following is exact:
$0arrow\oplus:+j=kH:(X, A)\otimes H^{j}(\mathrm{Y}, B)arrow H^{k}((X, A)\cross(\mathrm{Y}, B))arrow\oplus_{i+j=k+1}H^{:}(X, A)*H^{\mathrm{j}}(\mathrm{Y}, B)arrow 0$,
where $(X,A)\cross(\mathrm{Y}, B)=(X\cross \mathrm{Y},X\cross B\cup A\cross \mathrm{Y})$ .
2. If $G$ is $a$ non-trivial abelian group with $G\otimes G=0$ , then $G*G\neq 0$ .
. $\dim X=n$ $\dim X\cross X\leq 2n-1$
$\dim X=n$ $X$ $A$ $H^{n}(X, A)\neq 0$
$\dim X\cross X\leq 2n-1$ $H^{2n}((X, A)\cross(X, A))=0$
1 $(k=2n)$ $H^{n}(X, A)\otimes H^{n}$ ($X$, A)=0 2 $H^{n}(X, A)*H^{n}(X, A)\neq 0$
1 $(k=2n-1)$ $H^{2n-1}((X, A)\cross(X, A))\neq 0$
$\dim X\cross X\geq 2n-1$
Borsuk $\mathrm{A}\mathrm{N}\mathrm{R}$
Theorem (Borsuk $[\mathrm{B}_{1}]$). Let $X$ be an $n$-dimensional $ANR$ compactum. Then there
ezists a prime $p\in P$ such that $\mathrm{c}-\dim_{\mathrm{Z}/p}X=n$ .
Corollary (Borsuk $[\mathrm{B}_{3}]$ ). Let $X$ be an $n$ -dimensional $ANR$ compactum. Then the
square of $X$ has dimension $2n$ .
ANR
( )
Problem (Borsuk $[\mathrm{B}_{3}]$ ). Is it true that the equality $\dim X\cross \mathrm{Y}=\dim X+\dim \mathrm{Y}$ holds
for $ANR$ ’s $X$ and $\mathrm{Y}$ ?
Theorem (Kodama [Ko]). Let $X$ be a 2-dimensional $ANR$ compactum. Then $X$ is
dimension full-valued.
Here recall that acompactum $X$ is dimension full-valued, if
$\dim X\cross \mathrm{Y}=\dim X+\dim \mathrm{Y}$
for every compactum Y.
4 (3 )
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Example (Dranishnikov [Dr]). For each prime $p\in \mathcal{P}$ , there exist a 4-dimensi0nal
$ANR$ compactum $M_{p}$ such that $\dim M_{p}\cross M_{q}\leq 7$ for $p\neq q$ .
Borsuk ANR $n$ $n-1$
Recall that an inverse sequence $\mathcal{G}=(G_{n},p_{n,n+1})$ of groups satisfies the Mittag-Leffler
condition provided for each $n$ there exists $k>n$ such that ${\rm Im} p_{n,k}={\rm Im} p_{n,m}$ for all
$m>k$ . $\mathcal{G}$ is said to be stable if it is isomorphic to agroup in the category of prO-groups.
Proposition. Let $X$ be a compactum having $\mathrm{c}-\dim_{\mathbb{Z}}X=n$ and $\check{H}^{n}(X;\mathbb{Z})\neq 0$ . If
$\mathrm{p}\mathrm{r}\mathrm{o}- H_{n-1}(X;\mathbb{Z})$ is stable and $\mathrm{p}\mathrm{r}\mathrm{o}- H_{n}(X;\mathbb{Z})$ satisfies the Mittag-Leffier condition, then
there eists a prime $p\in \mathcal{P}$ such that $\mathrm{c}-\dim_{\mathbb{Z}/p}X=n$.
Dydak-
Koyama (Wilder )
Definition. Acompactum $X$ is cohomology locally $n$ -connected with respect to $\mathbb{Z}$ , if for
each $x\in X$ and neighborhood $N$ of $x$ , there exists aneighborhood $M$ of $x$ in $N$ such
that the inclusion-induced homomorphism
$i_{\mathbb{Z}}^{*}:$
$\check{H}^{k}(N;\mathbb{Z})-arrow\overline{\check{H}^{k}}(M;\mathbb{Z})$
is trivial for $k\leq n$ , where $\check{H}^{*}()-$ is the reduced Cech cohomology theory.
Theorem (Dydak-Koyama [D-K, Theorem 2.2]). Let $X$ be cohomology locally n-
connected with respect to Z. If $A_{1}$ , A2, $B_{1}$ and $B_{2}$ are closed subsets of $X$ with
$(B_{1}, A_{1})\subseteq$ ( $\mathrm{I}\mathrm{n}\mathrm{t}$ $B_{2}$ , Int A2), then the image of the inclusion-induced homomorphism
$i_{\mathbb{Z}}^{*}:$
$\check{H}^{k}$ ($B_{2}-$ , A2; $\mathbb{Z}$) $arrow\check{H}^{k}(B_{1}, A_{1;}\mathbb{Z})-$
is finitely generated for $k\leq n$ .
Theorem. Let $X$ be a locally $(n-1)$ -connected compactum having $\mathrm{c}$-dimz $X=n$. Then
there exists a prime $p\in P$ such that $\mathrm{c}-\dim_{\mathbb{Z}/p}X=n$ .
Corollary. Let $X$ be an $n$-dimensional locally $(n-1)$ -connected compactum. Then
$\dim X\cross X=2n$ .
$n$ $n$ ANR Borsuk
Remark. Borsuk
[ [ $\mathrm{A}$ $\mathrm{a}$ :Borsuk [B2] constructed a2-dimensional localy connected
compactum with $\dim X\cross X=3$ .
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